A uniform multi-component epilayer may lose stability under the combined action of spinodal decomposition and epilayer-substrate interaction, separating into multiple phases. The phases may further selforganize into regular patterns. This paper investigates the compositional stability of a ternary epliayer and the subsequent emergence of nanoscale patterns. Multiple energetic forces and kinetic processes involving phase separation, phase coarsening and phase refining are incorporated into a continuous phase field model. Linear stability analysis is performed by perturbing a uniform concentration field into a sinusoidal field with small amplitude and arbitrary wavelength. The analysis shows that the epilayer-substrate interaction counteracts the coarsening effect of phase boundary energy and may lead to the formation of steady nanoscale patterns. Detailed analysis also reveals the interaction of multi-phases and its effect on the stability condition. Numerical simulation of evolving concentration field is discussed at the end of the paper. The simulations show that the pattern formation process of multi-component epilayers involves remarkably rich dynamics.
Introduction
Experimental evidence has accumulated in recent decades that atoms may diffuse on solid surfaces and self-organize into ordered nanoscale patterns. For instance, Kern et al. (1991) showed that a submonolayer of oxygen on a Cu (1 1 0) surface could form stable periodic stripes of alternating oxygen overlayer and bare copper. The stripes had a width of about 10 nm and run in the <0 0 1> direction. Pohl et al. (1999) deposited a mixture of Ag and S on a Ru (0 0 0 1) surface. An ordered triangular lattice of S rich dots formed in the Ag matrix. The size of the dots was about 3.4 nm. Similar ordered patterns were observed on Cu (111) surfaces covered with a submonolayer of Ag (Yoshimura et al., 2000) or Na (Kliewer & Berndt, 2001) . Plass et al. (2001) showed that a monolayer of Cu and Pb on a Cu (1 1 1) surface could form ordered patterns of dots or stripes, depending on the percentage of Pb atoms in the epilayer. Many ternary semi-conductor epilayers demonstrated lateral composition modulation, such as (In,Ga)P on GaAs (Follstaedt et al., 1994) , AlInAs on InP (Francoeur et al., 2002) and GaAsN on GaAs (Suemune et al., 2000) . The typical feature size is in the range of 10-50 nm.
The observations are intriguing and call for a study of the compositional stability and pattern emergence mechanism of multi-component epilayers. Spinodal decomposition and phase coarsening in a bulk material system is well known. Consider a bulk two-phase alloy. When the alloy is annealed, atoms diffuse to reduce the surface area and the corresponding surface energy. The phases will coarsen until only one large particle is left in the matrix. However, the situation is different for a multi-phase epilayer on an elastic substrate, where the surface stress causes a phase refining action (Alerhand et al., 1988; Ng & Vanderbilt, 1995; Lu & Suo, 1999; Suo & Lu, 2000) . This refining action competes with coarsening due to interfacial energy. As a result, the phases reach an equilibrium size. Moreover, the competition of two actions minimizes the total free energy, and causes the system self-assemble into superlattices.
We recently developed a phase field model for binary epilayers (Lu & Suo, 1999 , 2001 , 2002a , 2002b . The epilayer is treated as a superficial object, whose concentration field evolves over time. Our approach is different from that of Guyer and Voohees (1998) and Glas (1997) . They treated the case where an epilayer can be considered as a semi-infinite bulk. Their models did not have the ingredient of phase refining since the film thickness effect is not included. The work of Vanderbilt and co-workers on surface reconstruction (Alerhand et al., 1988; Ng & Vanderbilt, 1995) highlighted the refining action of non-uniform surface stress, which was induced by the anisotropy of structure variants. For a multi-component epilayer, the surface stress nonuniformity originates from composition modulation, rather than structure variants. In addition, the free energy of mixing plays significant roles, which may be potent enough to stabilize a uniform epilayer. Unlike Vanderbilt and co-workers, we do not preassume the pattern types. Our model is a dynamic model, and the system can generate whatever patterns it favors. This capability is important to study the growth of complicated multi-component systems, which involves remarkably rich dynamics. This paper extends our study from binary epilayers to ternary epilayers. The focus of this paper is stability, pattern emergence, and multi-phase effect. Section 'A phase field model' develops a phase field model for ternary epilayers. Section 'Linear stability analysis' specializes the model to one-dimensional composition variation, and examines the stability of a uniform ternary epilayer against small perturbations in the concentration field. Discussions about the numerical simulation and results are presented in Section 'Numerical simulation'.
A phase field model
This section develops a continuous phase field model for a ternary epilayer on a solid substrate. Consider an epilayer composed three kinds of atomic species A, B, and C on a substrate of atomic species S. As shown in Figure 1 , the epilayer is taken to be an infinite large surface and the substrate a semi-infinite elastic body. The substrate occupies the half-space below the x 1 À x 2 plane (x 3 0). We assume that the epilayer is a substitutional alloy of species A, B and C, and the atomic diffusion is confined within the epilayer.
The free energy of the system consists of the surface energy plus the bulk elastic energy, namely,
where G is the surface energy per unit area of the epilayer, and W the elastic energy per unit volume of the substrate. The area and volume are measured in the undeformed configuration of an infinite substrate. We denote the atomic fraction of component A and B in the epilayer by C 1 and C 2 , respectively. The fraction of atomic sites in the epilayer occupied by species C is 1)C 1 )C 2 since the epilayer is a substitutional alloy. We assume the concentration fields C 1 ðx 1 ; x 2 ; tÞ and C 2 ðx 1 ; x 2 ; tÞ are time-dependent and spatially continuous. For an isotropic and linearly elastic substrate, W is a quadratic function of strain. The material parameters are Young's modulus and Poisson's ratio. Generally speaking, the surface energy per unit area, G, is a function of the concentration C 1 , C 2 , the concentration gradient C 1,a , C 2,a , and the strain in the surface, e ab (A Greek subscript runs from 1 to 2). Hence, the surface energy can be expanded by C ¼ g þ h 11 C 1;a C 1;a þ h 12 C 1;a C 2;a þ h 22 C 2;a C 2;a þ f e bb ; ð2Þ Figure 1 . Geometry of the model. The epilayer is represented by an infinite surface. The substrate is represented by a semi-infinite elastic body.
